We discover that a certain deformation of the 1 + 1 dimensional Poincaré superalgebra is exactly realised in the massless sector of the AdS 3 /CF T 2 integrable scattering problem. Deformed Poincaré superalgebras were previously noticed to appear in the AdS 5 /CF T 4 correspondence -which displays only massive excitations -, but they were there only a partial symmetry. We obtain a representation of the boost operator and its coproduct, and show that the comultiplication exactly satisfies the homomorphism property. We present a classical limit, and finally speculate on an analogy with the physics of phonons.
Introduction

Unconventional quantum groups in the AdS/CF T correspondence. The integrable structure underlying the AdS/CF T correspondence [1, 2] keeps producing new exciting results which expand our understanding of exactly-solvable scattering problems and reveal new algebraic structures in quantum groups based on Lie superalgebras.
The Hopf superalgebra which governs the AdS 5 /CF T 4 integrable scattering problem is a rather exotic infinite-dimensional Yangian-type structure [3, 4, 5] . The very nature of the Yangian implies that the algebra is layered (or filtered) into levels. The level-0 part is given by Beisert's centrally-extended psu(2|2) Lie superalgebra [6, 7] . At level 1, the Yangian charges are all paired-up with the corresponding level-0 ones, except for one extra generator [8, 9] which has no counterpart at level 0. This secret or bonus generator (hypercharge) B is related to the fermion-number operator acting on the particles involved in the scattering process. The explicit form of Beisert's S-matrix [6] allows for the scattering |boson ⊗ |boson → |fermion ⊗ |fermion and vice versa, and therefore breaks the two-particle fermion number (−) to a chiral CFT [52] . One has a Metsaev-Tseytlin type action [53, 54, 55, 56, 57] for the coset part of the geometry, which is based on the supergroup P SU (1, 1|2) SO(1, 1) × SO (2) .
Although one can truncate the classical action to its coset component, there exists no choice of κ-symmetry gauge-fixing which may decouple the remaining fermions [58] . The integrability of the full background has been so far shown only to the quadratic order in the fermions [58, 55] .
In [59] an exact S-matrix for the scattering of putative magnon excitations above the BMN vacuum [60] has been proposed, relying on the same idea of centrally-extended residual symmetry algebras preserving the vacuum state. The light-cone gauge fixed Lagrangian [56, 57] describes 2 + 2 (bosons+fermions) massive plus 6 + 6 massless excitations. By deforming the coproduct in the familiar fashion [61] a massive-sector S-matrix was obtained, which satisfies crossing symmetry [62] and unitarity, provided the dressing phase satisfies an appropriate set of relations. Preliminary consistency with perturbation theory was found [56, 57] . One of the main novelties of the two-dimensional case is the absence of a shortening condition which could allow to fix the dispersion-relation. The scattering in fact involves long representations [63, 64] . In [59] the massless sector was also analysed and it was discovered that it is controlled by a canonical Yangian.
The Yangian quantum group for the massive sector, and the associated secret symmetry, has been very recently found in [65] .
The present paper
One of the striking features of the AdS 3 and AdS 2 integrability is without a doubt the presence of massless modes. Although, as we have mentioned above, they have by now been tamed into the Bethe ansatz, and a remarkable matching has been observed between their predicted group-theoretical properties and their "gauge-theory" (respectively, their string-worldsheet) manifestation, it is certainly desirable to explore more fully the nature of their scattering and the consequences they have for the theory. This is particularly so when one tries to reconcile the matter with the expectation from standard integrable massless scattering [66] (see however [41] and the upcoming [67] ).
This paper attempts to analyse the issue of massless modes from a slightly different perspective, by probing their Hopf-algebra structure under a different angle: the one of deformed Poincaré superalgebras.
In order to do that, we would first like to recall a series of observations which were put forward in the context of AdS 5 , and which were then partly left unexplored. One reason was that, in the AdS 5 case, such a deformed symmetry was only partially realised by the scattering problem. We intend to show that most of the properties pointed out in those early works are instead exactly realised in the massless sector of the AdS 3 superstring.
Quantum-deformed Poincaré supersymmetry In [68] , the question was investigated whether any remnant of Poincaré symmetry could be found in the AdS 5 scattering problem. This was because relativistic invariance is traditionally rather powerful in constraining the S-matrix. The characteristic (massive) dispersion-relation of AdS magnons was then interpreted as the Casimir of a certain q-deformation of the Poincaré algebra, and a suitable boost operator J was identified as acting as a shift on the elliptic rapidity-variable:
Subsequently, [69] extended this picture to the centrally-extended psu(2|2) superalgebra, by matching it with a certain q-deformed super-Poincaré symmetry. This allowed for the reinterpretation of the specific supercharge-representation as a boosted-frame in terms of this deformed kinematical symmetry.
However, an obstacle was pointed out insofar as some of the coproducts ceased to be symmetries of the S-matrix. A further mildly unnatural feature is also traditionally associated with the coproduct of the energy generator, and with its relationship to the one of the momentum, as we will later discuss.
Afterwards, q-deformations of the AdS 3 Hopf-algebra structure have appeared in [70] in the context of the Pohlmeyer-reduction approach 2 .
What we show in this paper is that, because of the peculiar nature of the massless dispersion-relation, such a deformed algebra actually becomes an exact symmetry of the massless AdS 3 S-matrix, when particles are taken to live on the same branch of the dispersion-relation. This gives in such a circumstance an alternative algebraic description of the massless scattering problem -companion to the one which is already in place. Our hope is that this new picture might be more suggestive of the true nature of the massless modes as it is, in some sense, closer to a relativistic interpretation. This might eventually make it closer to the treatment of [66] . In a sense (to be made precise in the next section), the new coproduct is more natural than the pre-existing one, allowing for a single rule to be consistently applied across all the central charges to obtain their corresponding two-particle action.
Plan of the paper Section 2 will define the q-deformed algebra and coalgebra, the appropriate representation, and will recall the R-matrix. We shall discuss the deformed Casimir and its relationship to the massless dispersion-relation. We will then equip the boost generator with a suitable coproduct, and
give a complete proof that it is an algebra homomorphism. We will also construct a classical limit and its associated classical algebra via a scaling procedure.
Section 3 will provide some intriguing physical analogies with the dynamics of phonons and umklapp scattering. Section 4 shall discuss how the boost generator is represented in a way which uniformises the dispersion-relation.
Section 5 will finally provide some comments and future directions of investigation.
Deformations of Poincaré as invariances of the massless Smatrix
Let us begin by writing the action of the symmetry generators on the elementary massless excitations, by focusing on the centrally-extended algebra associated to su(1|1) L ⊕ su(1|1) R . Our algebraic analysis will be independent on whether this describes scattering in the S 3 × S 1 rather than the T 4 geometry 2 In the AdS 5 case, a parallel development connected to quantum-group deformations originated in [71] (see also [72, 73] , which initiated much recent work, and [74] for a review). In [75] , the η-deformed AdS 5 model [74] has been connected via Inönü-Wigner contraction to a deformation of the flat-space superstring, exhibiting q-deformed Poincaré symmetry. By the results of [76] (see also [77] ), the latter is then put in relationship with the AdS 5 mirror model [78] , giving an alternative interpretation to the off-shell central extension of the AdS 5 × S 5 string light-cone symmetry in terms of the q-deformed super-Poincaré algebra. Complications with the fermionic degrees of freedom [79, 80] currently make this an open avenue for investigation (we thank S. van Tongeren for communication about this connection). In these and other contemporary lines of investigation, however, the quantum deformation is often super-imposed to the traditional one. This is not what we consider here, where the q-Poincaré deformation rather amounts to a co-existing alternative picture. Let us also notice that boost operators on long-range spin-chains of the type appearing in the AdS/CF T correspondence have been studied in [81] , and they recently featured in the work of [82] .
(where one shall take two copies of the same algebra). The non-vanishing
Restricting to left-left scattering [25, 26] , the representation we consider is described by a doublet {|φ , |ψ } with symmetry action given by
We have chosen for the remainder of this paper a suitable branch of the dispersion-relation, which we will constrain to be the same for both scattering particles 3 , such that the eigenvalues of the central charges are given by
The quantity h is the coupling constant of the theory.
It is known [30] that there exists a coproduct (and in fact, an entire Yangian tower of symmetries)
one can put on the algebra (2.1), which reproduces, when combined with the representation (2.2), the scattering matrices for the massive (and, by reduction [67] , massless) AdS 3 sector. One can write this
where p is the momentum operator, which is central in su(1|1) L ⊕ su(1|1) R , and has trivial coproduct
Letting Φ be the overall scalar factor, it can be checked that the R-matrix defined by R|φ ⊗ |φ := Φ |φ ⊗ |φ ,
indeed satisfies the invariance equation
3 Our choice will be the positive branch throughout:
As it is argued in [25, 26] , the scattering is still meaningful in this case, as the group-velocity is less than the speed of light (non-relativistic setting). If we take real momentum, this amounts to considering p ∈ [0, π]. We would like to thank A.
Sfondrini for pointing out that our analysis might extend to include negative-branch particles, suitably selecting the fundamental region of momenta [67] . This is because of the 2π-periodicity effectively generated in the algebra representation,
. It will be interesting to construct the generalisation to our choice of coalgebra structure. We plan to pursue this idea in future work.
In this formula, ∆ op = Π(∆), with Π being the graded permutation on the tensor-product algebra. This R-matrix also satisfies the Yang-Baxter equation by direct check:
It also satisfies the unitarity condition Π(R)(p 2 , p 1 ) R(p 1 , p 2 ) = ½ ⊗ ½ (if the scalar factor Φ satisfies an appropriate functional equation [67] ) 4 .
What we find in this paper is that there exists another coproduct admitted by the same algebra, under which the very same S-matrix of the massless AdS 3 problem is also invariant. This means that the same invariance equation holds for the new coproduct ∆ N , which we endow the same algebra with:
Following [68, 69] , we put this in correspondence with two copies of the 1+1 dimensional q-deformed super-Poincaré algebra, associated to sl(1|1), where
We define an individual copy -which we will call E q (1, 1) -as follows: 12) treating p as an additional independent generator, and having defined
in terms of the coupling constant h of the model. When we combine the two copies in
we identify
and write 15) where
We also centrally-extend the resulting algebra according to (2.1):
We will discuss the meaning of the generator J in what follows.
Let us reproduce the argument of [68] , now for massless modes. The combination
commutes with all the generators of the centrally-extended
simply from the algebra relations. In our representation, setting to zero the eigenvalue of this central element reproduces the massless dispersion-relation:
The undeformed limit is obtained by keeping the supercharges finite, and scaling
and the relativistic dispersion
Let us conclude this section with a few remarks.
First, one can check that the Jacobi identity is satisfied for the algebra-relations we have postulated.
This will actually be specified more clearly in the next section.
Furthermore, we would like to argue that the new coproduct ∆ N has a remarkable property, which makes it, in a sense, more natural than the traditional one for the massless sector. Because of the peculiar nature of the massless dispersion-relation, it is only for massless particles, and for the new coproduct, that the comultiplication map for the energy generator H actually follows from the one postulated for the momentum generator p. This will be demonstrated more clearly in the next section.
In no other circumstances is this the case, since the square-root formula for the energy always prevents this occurrence, forcing one to postulate the coproduct of the energy separate from the momentum, in order to close the algebra. In the massive case, in fact, one normally has to prescribe
One needs the specific deformation ∆ N of the coalgebra structure, and the precise form of the sin p 2 function, both conspiring to remove this slightly unnatural feature, and obtain
This is of course at the price of loosing the interpretation of ∆ N (H) as the total energy H 1 + H 2 , as we will discuss in section 3. Nevertheless, the charge ∆ N (H) is conserved in the scattering process.
Furthermore, the old comultiplication is best suited to describe the Yangian tower of integrable charges, for which we have no analogue at all at the moment in the picture we are describing here.
Coproduct for Boosts
In this section we want to show that the coproduct given in [69] for the boost operator J is an exact
Lie-algebra homomorphism of our deformed algebra. This means that the coproducts should satisfy the same defining relations of the algebra, signifying that all the (anti-)commutation relations are realised also on two-particle states. In accordance with the discussion at the end of the previous section, we will
show that this extends to any central charge which is a function of the momentum, whose coproduct is then systematically obtained by evaluating the function itself on ∆ N (p).
Let us focus on the L sector 5 . The coproduct for the boost operator in this sector is given by a similar expression as in [69] , adapted to the AdS 3 massless L algebra:
Proof.
Let us start by showing the need for the non-trivial phases in the first two terms of (2.25) -namely, those terms where the boost-operator itself is present. These phases can be fixed by requiring the homomorphism property 27) which can be seen to coincide with i times the coproduct ∆ N (H L ) given in (2.9). The tail of (2.25) (namely, the part featuring the supercharges) does not contribute to this commutator, since p commutes with the supercharges. Similarly, the tail does not contribute to
either. However, here the boost generator also acts on the momentum-dependent phase factors, and one obtains four terms:
By using Taylor expansion, and the fundamental commutator [
for any constant α, by which we obtain
where we have used that
For the commutator with the supercharges the calculation is more involved, since the tail of (2.25)
contributes non-trivially. To proceed, we first work with a general set of Lie-algebra relations
with functions φ(p) andφ(p) for the moment left unspecified. A non-trivial Jacobi identity for the algebra given in the previous section reads
from which one gets the constraint
We also work with a generic expression 36) and let consistency fix the unknown functions A(p 1 , p 2 ) and B(p 1 , p 2 ).
Imposing now the homomorphism property amounts to the following two conditions:
By keeping track of the terms of the type with Q L and S L in the first and second factor of the tensor product, respectively, we can reduce the matrix-equations (2.37) to the following system of four scalar equations: After a rather lenghty calculation and numerous simplifications owing to trigonometric identities, the following solution can be found: 39) and These are either identically zero, or they reduce to (2.34).
We can now impose φ andφ to be equal to each other, which, given the constraint (2.35) imposed by the Jacobi identity, sets them both equal to
This matches with the commutation relations we have given in the previous subsection. With this choice, one observes a dramatic simplification of the above results, which reduces to
The above formulas not only produce the form of the coproduct displayed in (2.25), but they also show that consistency is achieved. In fact, the expression (2.42) We would like to end this section by noticing the similarities and the differences of the coproduct (2.25) for the boost generator, with the coproduct of the form (1.1) typically associated to the secret-symmetry generator. The structure is of course very similar, but we can see that there are two main differences.
One is the type of deformation supported by the tail, which of course directly follows from the coproduct of the level-zero supercharges. The biggest difference is, however, that the secret generator has a matrix representation on the magnon excitations, where it acts as the fermionic number times a momentumdependent scalar factor. This is not the case for the boost generator, which does not commute with the central elements, and acts therefore as a differential operator in the momentum (or the rapidity)
variable. This will be further exploited in the last section of the paper.
Classical limit
We can obtain a classical limit of the massles R-matrix (2.6). In traditional settings, this would lead to the notion of the so-called classical r-matrix, which is the first-order term in the expansion of the quantum R-matrix around the identiy. In the theory of quasi-triangular Hopf algebras, the classical r-matrix holds a special value, as it can often uniquely characterise the all-order expansion (Belavin-Drinfeld theorems, cf. [83] ).
Because of the negative sign in the all-fermion entry, we shall however first need to switch to a new
with Π s the graded permutation-operator on states of the tensor-product representation 7 . We then expand it in the regime where
r|φ ⊗ |φ := 0,ř|ψ ⊗ |ψ := 0, (2.47)
which can simply be written asř
in terms of the matrix-unities E ij , which send state |j into state |i .
Because of the need of taking the graded permutation on the outgoing states, (2.48) is not skewsymmetric but rather symmetric 9 , i.e. Π(r)(k 2 , k 1 ) = r 12 (k 1 , k 2 ). It also does not satisfy the standard classical Yang-Baxter equation, but rather a version of it with suitable permutations inserted. It therefore lies outside the Belavin-Drinfeld theory, but it might nevertheless be useful in correlation with the classical limit of the q-Poincaré coalgebra and its Poisson structure [84] .
The classical limit of the algebra generators is finite if we simultaneously send the coupling constant h to infinity, in such a way that
with g a constant. One obtains (on the branch of the dispersion-relation which we have here chosen)
It is interesting to notice that, in order to obtain the expression (2.46), we have to take the leading term of the small-expansion (2.45) to be a constant times , which differs from the standard near-BMN expansion [60] .
Physical considerations
Let us speculate on the possible physical meaning of the various structures which we have uncovered.
The first thing to notice, as already pointed out by [69] , is that the generator H, whose eigenvalue on a one-particle state coincides with the single-excitation energy, is no longer additive on two-particle states in this new framework, as ∆ N acts non-trivially on both H L and H R . Nevertheless, by direct calculation using (2.2), one finds
where the arrow denotes the fact that we are taking a specific representation of the left-hand side. On the one hand, this explicitly shows that the coproduct ∆ N is co-commutative on all central charges, which is indeed a necessary condition for the existence of an R-matrix. On the other hand, it echoes two physical phenomena which we will recall here below, and which will shed a new light on the problem of massless string-mode scattering.
Phonon analogue
In phonon physics, (3.1) can be seen to describe the so-called umklapp scattering. This was elucidated in [84, 85, 86] . Let us remark that the dispersion-relation (2.4) coincides on the chosen branch 10 with the single-particle dispersion-relation of a phonon on a one-dimensional harmonic chain of lattice spacing h −1 (and rescaled momentum):
In an umklapp process, two incoming phonons of momenta p 1 and p 2 merge into a third outgoing phonon, with the energy-conservation condition given by
Of course, this process selects very specific momenta. Momentum conservation supplements the energy condition, but it leaves the ambiguity of adding to the momentum p 3 of the outgoing particle an integer multiple of the reciprocal lattice vector
which respects (3.3) . In this way, the outgoing momentum, as well as the incoming ones, can always be chosen to belong to the Brillouin zone:
The term umklapp (from the German flip-over) specifically refers to the case n = 0 in (3.4), when the outgoing momentum p 3 might for instance be much smaller than the sum of the two incoming ones.
In our setting, this process is forbidden by integrability. Nevertheless,
is conserved, simply because of momentum conservation. The point is that the new coproduct allows instead a novel interpretation of the scattering problem, precisely because of the special way it acts on all the central charges. In fact, one has
The formulas (3.6) exactly coincide with the quantum numbers of a single massless particle of momentum p 3 = p 1 + p 2 and energy E(p 3 ). It is only thanks to these special relations that we can simply think of the scattering process as a free propagation of a massless compound, having the right energy vs totalmomentum dispersion. This is in line with the observation of [86] . The q-deformed Poincaré symmetry implies that the scattering particles move like a single phonon. In our case, one might find useful to define a global (momentum dependent) velocity parameter v T , given by
(which tends to e 0 = cp 1 in the undeformed relativistic limit).
Singularities
In the context of integrable systems, the coproduct ∆ N (H) is rather interpreted as a potential boundstate condition [87] . In the case of magnons on a ferromagnetic Heisenberg spin-chain, which have a different dispersion-relation from the one we are dealing with, this was explicitly shown in [87] . In that context, the condition precisely matches the presence of a simple pole in the magnon S-matrix, corresponding to a bound-state solution of the Bethe ansatz equations.
In our context, bound-state formation is prohibited [67] , in accordance with general expectations of massless scattering [66] . Nevertheless, this coproduct might turn out to be useful to detect singularities of the S-matrix in the complex-momentum plane.
There is also another context where so-called umklapp terms appear, and that is in relation with interactions in effective Hamiltonians which describe spin-chains in definite regimes of the parameters (see for example [88] ). Our findings might eventually be useful, were one to try and repeat a similar type of effective analysis for the AdS 3 spin-chain / sigma model.
Representation for the boost operator
A final comment we would like to make is that the boost operator of the q-deformed algebra can be used to uniformise the dispersion-relation [68] . In fact, we can fulfil the commutation relations (2.15) in our representation by resorting to differential operators in one complex variable z, whereby
In this fashion, we simply need to solve
This has the following solution (setting the integration constant to a convenient value):
Such a solution is also consistent with the double commutator we deduce from (2.15), i.e.
where
At this point, we can choose to work with this parameterisation.
It is then easy to see that
With a specific choice of analytic path, one of the above transformations could be used to implement crossing symmetry.
Let us notice that, when p becomes small, z goes to infinity as a logarithm:
This means that, in the undeformed (relativistic ) limit (2.20), we have
which identifies θ with Zamolodchikov's massless relativistic rapidity [66] .
Let us finish by noticing how, as remarked in [68] , the boost generator has been used in the context of lattice models, to implement a discrete version of relativistic invariance. The spirit was again the one of retaining Poincaré symmetry as much as possible, and it brought to the concept of Baxter's corner transfer matrix (see [89] for an account). The AdS/CF T dispersion-relation itself interestingly combines periodic lattice features with a relativistic flavour, something which becomes even more striking in the massless case. It might therefore be beneficial to explore this connection further.
Comments and Future Directions
In this paper we have found an exact realisation of a q-deformed Poincaré superalgebras in the massless integrable sector of the AdS 3 superstring. Such a deformed symmetry was partially manifest in AdS 5 , and it was used to allow for alternative interpretations of the peculiar magnon dispersion-relation, and of the representation of the short magnon multiplet. For a suitable choice of branches, the massless dispersionrelation allows to overcome the obstacles of the massive case, and displays a host of remarkably natural features. Above all, the comultiplication on all central charges is simply obtained by acting trivially on the momentum generator. This was used in other contexts as a way of describing the so-called umklapp scattering of phonons, which our system bares a mysterious similarity to.
We have studied the boost operator and its coproduct, demonstrating that it is an algebra homomorphism. The existence of this generator is probably the deepest novelty of this deformed setting. It facilitates the uniformisation of the dispersion by acting as a differential operator on the representation labels, realising a series of intriguing pseudo-relativistic phenomena. This is in the same spirit as in the theory of integrable lattice models, where the same object serves the purposes of a remnant of Poincaré invariance (corner transfer matrix). In this respect, it would be very interesting to investigate whether this generator has any worldsheet realisation, possibly in terms of an action on the classical fields of the string sigma model 11 . Given the persistence of mismatches between the exact predictions and the perturbative results for the AdS 3 (and AdS 2 ) massless sector (cf. [38] ), our analysis might provide an alternative way to approach the issue, by giving a new set of algebraic relations one could try and check using string perturbation-theory.
One open question related to these findings is the following. It is not yet clear how to prove that the coproduct of the boost generator is a symmetry of the S-matrix, something which is instead easy to show for all the rest of the algebra. In its differential form, it seems plausible that it would act on the overall scalar factor as well, perhaps fixing it purely from symmetry. This is an exciting concept, but it also makes it incredibly hard to show. We also do not know how to represent such a differential action on states.
In this respect, it might be useful to study the universal R-matrix of our algebra. Recently, a universal R-matrix for the Lie super-algebra of AdS 5 , with a q-deformation super-imposed, has been found [82] , and a crucial role of certain automorphisms is there firmly established. It is fascinating to consider the connection with the formalism of this paper, and the possibility of finding perhaps a common formulation of the two problems. In both cases actually, the extension to quantum-affine and Yangian, respectively, appears to be the first necessary step.
We plan to study these, and other related questions, in future work on this topic.
